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Uniaxial and biaxial nematic liquid crystals are examples of the complicated condensed matters possessing an internal
microstructure shown on macroscopic level in the form of a number of the physical phenomena and processes. In
this work the dynamic behavior of the studied condensed matters in alternative external field is investigated. On
the basis of the nonlinear dynamic equations with sources for uniaxial and biaxial nematics the general analytical
expressions of low-frequency Green functions asymptotics are obtained and the analysis of their features in the region
of small wave vectors and frequencies is carried out.
PACS: 61.30Cz, 83.10.Bb
1. INTRODUCTION
Nowadays investigation of liquid crystalline matters
is of great interest. These condensed states possess
the property of liquid – ﬂuidity and spatial anisotropy
– property of solid state. The essential feature of
liquid crystals is the presence of internal anisotropic
ordered structure of mesoscopic or nanoscopic sizes,
which is shown on macroscopic level in the form of a
number of the physical phenomena and processes.
The purpose of the given work is the investigation
of dynamics of uniaxial and biaxial nematic liquid
crystals with the internal structure taken into account
in the presence of alternative external ﬁeld. The ba-
sis of investigation is the use of the conception of
reduced description of multiparticle states, applica-
tion and development of Hamiltonian mechanics for
condensed matters with internal structure and Green
functions formalism.
2. DYNAMICS OF UNIAXIAL NEMATIC
LIQUID CRYSTALS IN ALTERNATIVE
EXTERNAL FIELD
2.1. Nematics with rod-like molecules
Using Hamiltonian approach of [1, 2] we will obtain
dynamic equations of uniaxial nematic with rod-like
molecules in alternative external ﬁeld. When ﬁeld is
turned on, Hamiltonian of a system H (t) = H+V (t)
consists of Hamiltonian of condensed matter H and
interaction with external ﬁeld V (t) [3]:
H =
∫
d3xε
(
ζ
a
(x) , ni (x) ,∇ni (x) , l (x)
)
,
V (t)=
∫
d3xξ (x, t) b
(
ζ
a
(x) , ni (x) ,∇ni (x) , l (x)
)
,
(1)
here ξ (x, t) is alternative external ﬁeld,
b
(
ζ
a
, ni,∇ni, l
)
is an arbitrary local physical quan-
tity, which in the region of large times becomes func-
tion of reduced description parameters, ζ
a
≡ σ, πi, ρ
are the densities of mass ρ, momentum πi, entropy
σ, ε is energy density, ni is unit vector of spatial
anisotropy, l is length of a molecule. Dynamic equa-
tions of uniaxial nematic with rod-like molecules in
alternative external ﬁeld are as follows [4]:
ρ˙ = −∇iπi + ηρ, π˙i = −∇ktik + ηπi ,
σ˙ = −∇k (σvk) + ησ,
l˙ = −vs (x)∇sl(x) (2)
+ l (x)ni (x)nj (x)∇jvi (x) + ηl,
n˙j = −vs∇snj + δ⊥ij (n)nk∇kvi + ηnj .
Momentum ﬂux density looks like
tik = Pδik + ∂ε∂πk πi +
∂ε
∂∇knl∇inl
+∂ε∂l ninkl + nkδ
⊥
il (n)
(
∂ε
∂nl
−∇j ∂ε∂∇jnl
)
.
(3)
Here P ≡ −ε + δHδζ
a
ζ
a
+ ∂ε∂∇lni∇lni is pressure, vi ≡
πk/ρ is macroscopic velocity, δ⊥ik (n) = δik−nink and
ηϕα(x) (x) = {ϕa (x) , V } are sources caused by exter-
nal ﬁeld:
ηρ = −ρ ∂b∂πi∇iξ, ηni = nkδ⊥ij (n) ∂b∂πj∇kξ,
ηl = −ninj l ∂b∂πi∇jξ, ησ = −σ ∂b∂πi∇iξ,
ηπj = −ζa ∂b∂ζ
a
∇jξ − njnkl ∂b∂l∇kξ+
+
(
∂b
∂ni
−∇λ ∂b∂∇λni
)
δ⊥ji (n)nk∇kξ.
(4)
From Eqs. (2), (4) on the basis of [3] the general ex-
pression of the low-frequency asymptotics of Green
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functions in Fourier representation is obtained:
G
(+)
ab (k, ω) =− Lai (k, ω)
D−1ij (k, ω)
ρ
Lbj (−k,−ω)−
− ρ ∂a
∂πi
∂b
∂πi
, (5)
where
Lai (k, ω) = ζa
∂a
∂ζ
a
ki + l ∂a∂l (kn)ni + ωρ
∂a
∂πi
+
+
(
∂a
∂nj
− ikλ ∂a∂∇λnj
)
δ⊥ij (n) (kn) .
(6)
Here the notation are used:
D−1ij (k, ω) =
1
Δ
(
δij
(
ω4 − ω2k2c2 − ω2T 2)+
+ω2c2kikj + ω2TiTj + c2 (k×T)i (k×T)j
)
,
Δ(k, ω) = detDij (k, ω) =
= ω6 + ω4I4 (k) + ω2I2 (k) ,
Ti (k) ≡ c
√
λ (kn)ni, λ = l
2
ρc2
∂2ε
∂l2 > 0,
(7)
where ω is frequency, k is wave vector, c is sound
velocity in usual liquid, I2, I4 are some functions of
k,n, λ. Let’s note, that low-frequency Green func-
tions asymptotics with variables which have not been
connected with broken symmetry behave in the reg-
ular way at ω → 0, k|| → 0, k⊥ → 0 and do not
contain features on ω, k||, k⊥. Here wave vector k
is decomposed on longitudinal k|| = (kn)n and
transversal k⊥ = k×n|k×n| |k× n| = |k× n|r compo-
nents concerning vector n. Let’s consider Green
functions like Gninj
(
k||, k⊥, ω
)
and Ganj
(
k||, k⊥, ω
)
,
where a ≡ ζa, l, so one or both quantities entering
into Green function connected with broken symme-
try according to rotations in the conﬁguration space.
For these Green functions we receive asymptotic ex-
pressions in the cases of diﬀerent sequence of limiting
transitions with small k||, k⊥ and ω:
lim
ω→0
Gninj
(
k||, k⊥, ω
)
=
k2||
ω2 rirj ,
lim
k⊥→0
Gninj
(
k||, k⊥, ω
)
=
k2||
ω2 δ
⊥
ij (n) ,
lim
ω→0
Gρni
(
k||, k⊥, ω
)
= − 1c2
k||
k⊥
ri,
lim
ω→0
Gπinj
(
k||, k⊥, ω
)
= k||ω rirj ,
lim
k⊥→0
Gπinj
(
k||, k⊥, ω
)
= k||ω δ
⊥
ij (n) ,
lim
ω→0
Glni
(
k||, k⊥, ω
)
= lρλc2
k||
k⊥
ri.
(8)
It is seen, that obtained asymptotics (8) depend es-
sentially on the order of convergence ω, k||, k⊥ to zero
and these limits are not permutative.
2.2. Nematics with disc-like molecules
Studying of dynamic behavior of uniaxial nematic
with disc-like molecules in alternative external ﬁeld
we will carry out similar to earlier considered case of
uniaxial nematic with rod-like molecules. Dynamic
equations of uniaxial nematic with disc-like molecules
in this ﬁeld are as follows [4]
:
ρ˙ = −∇iπi + ηρ, π˙i = −∇ktik + ηπi ,
σ˙ = −∇k (σvk) + ησ,
d˙ = −vs∇sd− dδ⊥lk (n)∇kvl + ηd,
n˙j = −vs∇snj − niδ⊥jλ (n)∇λvi + ηnj ,
tik = Pδik + ∂ε∂πk πi +
∂ε
∂∇knl∇inl + ∂ε∂ddδ⊥lk (n)+
+nkδ⊥il (n)
(
∂ε
∂nl
−∇j ∂ε∂∇jnl
)
.
(9)
Sources caused by external ﬁeld look like:
ηρ = −ρ ∂b∂πi∇iξ, ηnj = −nkδ⊥ij (n) ∂b∂πi∇kξ,
ηd = −dδ⊥ij (n) ∂b∂πi∇jξ, ησ = −σ ∂b∂πi∇iξ,
ηπj = −ζa ∂b∂ζ
a
∇jξ − dδ⊥ij (n) ∂b∂d∇iξ−
−
(
∂b
∂ni
−∇λ ∂b∂∇λni
)
δ⊥ji (n)nk∇kξ.
(10)
Here d is molecule diameter. Proceeding similarly to
the scheme of the previous case with the help of (9),
(11) we obtain general view of low-frequency Green
functions asymptotics in the form (5), where follow-
ing notation are used:
Lai (k, ω) = ζa
∂a
∂ζ
a
ki + d∂a∂dδ
⊥
ij (n) kj+
+ωρ ∂a∂πi +
(
∂a
∂nj
− ikλ ∂a∂∇λnj
)
δ⊥ij (n)nkkk,
D−1ij (k, ω) =
1
Δ
(
δij
(
ω4 − ω2k2c2 − ω2R2)+
+ω2c2kikj
)
+ 1Δ
(
ω2RiRj + c2 (k×R)i (k×R)j
)
,
Δ(k, ω) = detDij (k, ω) =
= ω6 + ω4I4 (k) + ω2I2 (k) ,
Ri (k) ≡ c
√
λδ⊥il (n) kl, λ =
d2
ρc2
∂2ε
∂d2 > 0 .
(11)
Here I2, I4 are some functions of k,n, λ. Let’s note,
that low-frequency Green functions asymptotics with
variables which have not been connected with bro-
ken symmetry behave in the regular way at ω →
0, k|| → 0, k⊥ → 0 and do not contain features on
ω, k||, k⊥. Let’s now consider Green functions like
Gninj
(
k||, k⊥, ω
)
and Ganj
(
k||, k⊥, ω
)
, where a ≡
ζa, d, so one or both quantities entering into Green
function connected with broken symmetry according
to rotations in the conﬁguration space. For these
Green functions we receive asymptotic expressions in
the cases of diﬀerent sequence of limiting transitions
with small k||, k⊥ and ω:
lim
ω→0
Gninj
(
k||, k⊥, ω
)
=
k2||
ω2 rirj ,
lim
k⊥→0
Gninj
(
k||, k⊥, ω
)
=
k2||
ω2 δ
⊥
ij (n) ,
lim
ω→0
Gπinj
(
k||, k⊥, ω
)
= k||ω rirj ,
lim
k⊥→0
Gπinj
(
k||, k⊥, ω
)
= k||ω δ
⊥
ij (n) ,
lim
ω→0
Gdni
(
k||, k⊥, ω
)
= − dρλc2
k||
k⊥
ri.
(12)
It is seen, that obtained asymptotics (13) depend es-
sentially on the order of convergence ω, k||, k⊥ to zero
and these limits are not permutative.
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3. DYNAMICS OF BIAXIAL NEMATIC
LIQUID CRYSTALS IN ALTERNATIVE
EXTERNAL FIELD
3.1. Nematics with ellipsoidal molecules
In the case of biaxial nematic with ellipsoidal mole-
cules the set of thermodynamic variables contains
additionally two unit and orthogonal vectors of spa-
tial anisotropy n (x),m (x) and three conformational
parameters u (x) , v (x) , p (x)describing sizes of long
and short molecule axes and an angle between them.
Acting further similarly to previously considered case
of uniaxial nematics, we obtain dynamic equations of
biaxial nematic with ellipsoidal molecules in alterna-
tive external ﬁeld:
ρ˙ = −∇iπi + ηρ, π˙i = −∇ktik + ηπi ,
σ˙ = −∇k (σvk) + ησ,
n˙j (x) = −vs (x)∇snj (x)
− Fiλj (x)∇λvi (x) + ηnj ,
m˙j (x) = −vs (x)∇smj (x)
−Giλj (x)∇λvi (x) + ηmj ,
u˙ (x) = −vi (x)∇iu (x)− Fij (x)∇jvi (x) + ηu,
v˙ (x) = −vi (x)∇iv (x)−Gij (x)∇jvi (x) + ηv,
p˙ (x) = −vs (x)∇sp (x)−Hij (x)∇ivj (x) + ηp,
tik = Pδik + ∂ε∂πk πi +
∂ε
∂∇knl∇inl + ∂ε∂∇kml∇iml+
+ ∂ε∂uFik +
∂ε
∂vGik +
∂ε
∂pHik+
+Fikl
(
∂ε
∂nl
−∇j ∂ε∂∇jnl
)
+ Gikl
(
∂ε
∂ml
−∇j ∂ε∂∇jml
)
,
(13)
where P ≡ −ε + δHδζ
a
ζ
a
+ ∂ε∂∇lni∇lni + ∂ε∂∇lmi∇lmi is
pressure and η are sources caused by external ﬁeld:
ηρ = −ρ ∂b∂πi∇iξ, ησ = −σ ∂b∂πi∇iξ,
ηnj = −Fiλj ∂b∂πi∇λξ, ηmj = −Giλj ∂b∂πi∇λξ,
ηp = −Hij ∂b∂πi∇jξ, ηu = −Fij ∂b∂πi∇jξ,
ηv = −Gij ∂b∂πi∇jξ,
ηπj = −ζa ∂b∂ζ
a
∇jξ −Hij ∂b∂p∇jξ − Fij ∂b∂u∇jξ−
−Gij ∂b∂v∇jξ − Fiλj
(
∂b
∂nj
−∇k ∂b∂∇knj
)
∇λξ−
−Giλj
(
∂b
∂mj
−∇k ∂b∂∇kmj
)
∇λξ.
(14)
Here Fij , Gij , Hij and Fijk, Gijk, Hijk are some func-
tions of n (x), m (x) and u (x) , v (x) , p (x). As in
the earlier considered case of uniaxial nematics, we
obtain the general expression of the low-frequency as-
ymptotics of Green functions in the form (5), where
the following notation are used:
Lai (k, ω) = ζa
∂a
∂ζ
a
ki + ωρ ∂a∂πi +
∂a
∂pHijkj+
+ ∂a∂uFijk +
∂a
∂vGijk +
(
∂a
∂nj
− ikλ ∂a∂∇λnj
)
Fikjkk+
+
(
∂a
∂mj
− ikλ ∂a∂∇λmj
)
Gikjk,
D−1ij =
1
Δ
(
ω4δij − ω2c2
(
k2δij − kikj
))−
− 1Δω2
((
H2δij −HiHj
)
+
(
F2δij − FiFj
)
+
+
(
G2δij −GiGj
))
+ 1Δc
2
(
(k×H)i (k×H)j +
+(k× F)i (k× F)j + (k×G)i (k×G)j
)
+
+ 1Δ
(
(H×G)i (H×G)j + (H× F)i×
× (H× F)j + (F×G)i (F×G)j
)
,
Δ = ω6 + ω4I4 + ω2I2 + I0,
(15)
where Ia, a = 0, 2, 4 are some functions of k,F,G,H
and F,G,H are some functions of n (x),m (x),k and
parameters λα, α = 1, 2, 3:
λ1 ≡ u
2
ρc2
∂2ε
∂u2
> 0,
λ2 ≡ v
2
ρc2
∂2ε
∂v2
> 0,
λ3 ≡ p
2
ρc2
∂2ε
∂p2
> 0.
Let’s note, that low-frequency Green functions
asymptotics with variables which have not been
connected with broken symmetry behave in the
regular way at ω → 0, k → 0 and do not
contain features on k, ω. Let’s now consider
Green functions like Gninj (k, ω) , Gmimj (k, ω) and
Ganj (k, ω) , Gamj (k, ω), where a ≡ ζa, p, u, v, so one
or both quantities entering into Green function con-
nected with broken symmetry according to rotations
in the conﬁguration space. For these Green functions
we receive asymptotic expressions in the cases of dif-
ferent sequence of limiting transitions with small ω, k
and θ → 0, θ → π/2:
lim
θ→π/2
Guu (k, ω) = 1ρ
k2
ω2 f2u (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gnlnk (k, ω) =
1
ρ
k2
ω2 f2n (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gmlmk(k, ω)=
1
ρ
k2
ω2 f2m (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gπiu (k, ω) = u
k
ωfπiu (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gπinl (k, ω) =
k
ωfπinl (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gπiml (k, ω) =
k
ωfπiml (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gunl (k, ω) =
u
ρ
k2
ω2 f2unl (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Guml(k, ω)=
u
ρ
k2
ω2 f2uml (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gnlmk (k, ω) =
= 1ρ
k2
ω2 f2nlmk (λ1, λ2, λ3; θ, ϕ) .
(16)
Here in spherical system of coordinate polar angle θ
and azimuthal angle ϕ are deﬁned by equalities em =
sin θ cosϕ, en = sin θ sinϕ, el = cos θ, l = m×n and
set direction of wave vector e ≡ k/k correspond to
anisotropy axes, f1 and f2 are some functions of para-
meters λ1, λ2, λ3, polar and azimuthal angles θ, ϕ. It
is seen, that obtained asymptotics (17) depend essen-
tially on the order of ω → 0, k → 0, θ → 0, θ → π/2
and these limits are not permutative.
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3.2. Nematics with discoidal molecules
Dynamic equations of biaxial nematic with discoidal
molecules in alternative external ﬁeld are as follows:
ρ˙ = −∇iπi + ηρ, π˙i = −∇ktik + ηπi ,
σ˙ = −∇k (σvk) + ησ,
n˙j (x) =−vs (x)∇snj (x)− fiλj (x)∇λvi (x)+ ηnj ,
m˙j (x) = −vs (x)∇smj (x)−
−giλj (x)∇λvi (x) + ηmj ,
q˙ (x) = −vi (x)∇iq (x)− fij (x)∇jvi (x) + ηq,
t˙ (x) = −vi (x)∇it (x)− gij (x)∇jvi (x) + ηt,
p˙ (x) = −vs (x)∇sp (x)− hij (x)∇ivj (x) + ηp,
tik = Pδik+ ∂ε∂πk πi+
∂ε
∂∇knλ∇inλ+ ∂ε∂∇kmλ∇imλ+
+ ∂ε∂qfik +
∂ε
∂t gik +
∂ε
∂phik+
+fikλ
(
∂ε
∂nλ
−∇j ∂ε∂∇jnλ
)
+
+gikλ
(
∂ε
∂mλ
−∇j ∂ε∂∇jmλ
)
.
(17)
Here n (x), m (x) are unit and orthogonal vectors
of spatial anisotropy and q (x) , t (x) , p (x) are con-
formational parameters describing sizes of long and
short molecule axes and an angle between them.
Sources look like
ηρ = −ρ ∂b∂πi∇iξ, ησ = −σ ∂b∂πi∇iξ,
ηnj = −fiλj ∂b∂πi∇λξ, ηmj = −giλj ∂b∂πi∇λξ,
ηp = −hij ∂b∂πi∇jξ, ηq = −fij ∂b∂πi∇jξ,
ηt = −gij ∂b∂πi∇jξ,
ηπj = −ζa ∂b∂ζ
a
∇jξ − hij ∂b∂p∇jξ − fij ∂b∂q∇jξ−
−gij ∂b∂t∇jξ − fiλj
(
∂b
∂nj
−∇k ∂b∂∇knj
)
∇λξ−
−giλj
(
∂b
∂mj
−∇k ∂b∂∇kmj
)
∇λξ.
(18)
Here fij , gij , hij and fijk, gijk, hijk are some functions
of n (x),m (x) and q (x) , t (x) , p (x). With the help
of (18), (19) we ﬁnd general view of low-frequency
Green functions asymptotics in the form (5), where
following notation are used:
Lai (k, ω) = ζa
∂a
∂ζ
a
ki + ωρ ∂a∂πi +
∂a
∂phijkj+
+ ∂a∂ufijk +
∂a
∂v gijk +
(
∂a
∂nj
− ikλ ∂a∂∇λnj
)
fikjkk+
+
(
∂a
∂mj
− ikλ ∂a∂∇λmj
)
gikjk,
D−1ij =
1
Δ
(
ω4δij − ω2c2
(
k2δij − kikj
))−
− 1Δω2
((
h2δij − hihj
)
+
(
f2δij − fifj
)
+
+
(
g2δij − gigj
))
+ 1Δc
2
(
(k× h)i (k× h)j +
+(k× f )i (k× f)j + (k× g)i (k× g)j
)
+
+ 1Δ
(
(h× g)i (h× g)j + (h× f )i×
× (h× f)j + (f × g)i (f × g)j
)
,
Δ = ω6 + ω4I4 + ω2I2 + I0,
(19)
where Ia, a = 0, 2, 4 are some functions of k,f ,g,h
and f ,g,h are some functions of n (x),m (x),kand
parameters λα, α = 1, 2, 3:
λ1 ≡ q
2
ρc2
∂2ε
∂q2
> 0,
λ2 ≡ t
2
ρc2
∂2ε
∂t2
> 0,
λ3 ≡ p
2
ρc2
∂2ε
∂p2
> 0.
Let’s note, that low-frequency Green functions
asymptotics with variables which have not been
connected with broken symmetry behave in the
regular way at ω → 0, k → 0 and do not
contain features on k, ω. Let’s now consider
Green functions like Gninj (k, ω) , Gmimj (k, ω) and
Ganj (k, ω) , Gamj (k, ω), where a ≡ ζa, p, q, t, so one
or both quantities entering into Green function con-
nected with broken symmetry according to rotations
in the conﬁguration space. For these Green functions
we receive asymptotic expressions in the cases of dif-
ferent sequence of limiting transitions with small ω,
k and θ → 0, θ → π/2:
lim
θ→π/2
Gnlnk (k, ω) =
1
ρ
k2
ω2
g2n (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gmlmk (k, ω) =
1
ρ
k2
ω2
g2m (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gπinl (k, ω) =
k
ω
gπinl (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gπiml (k, ω) =
k
ω
gπiml (λ1, λ2, λ3; θ, ϕ) ,
lim
θ→π/2
Gnlmk (k, ω) =
=
1
ρ
k2
ω2
g2nlmk (λ1, λ2, λ3; θ, ϕ) . (20)
Here g1 and g2 are some functions of parameters
λ1, λ2, λ3, polar and azimuthal angles θ, ϕ. It is seen,
that obtained asymptotics depend essentially on the
order of ω → 0, k → 0, θ → 0, θ → π/2 and these
limits are not permutative.
4. CONCLUSIONS
On the basis of Hamiltonian approach the dy-
namic theory of uniaxial and biaxial nematic liquid
crystals with molecules of diﬀerent geometry in al-
ternative external ﬁeld is constructed. For all types
of liquid crystals nonlinear dynamic equations with
sources are derived, low-frequency Green functions
asymptotics are found and their features are investi-
gated. It is shown that in uniaxial and biaxial nemat-
ics low-frequency Green functions asymptotics have
peculiarities of type 1/ω, 1/ω2, 1/k⊥, which is con-
sistent with Bogolyubov theorem. But unlike other
condensed matters with broken symmetry (see, for
example [5]) coeﬃcients of these peculiarities depend
essentially on the wave vector k and frequency ω.
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